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Abstract 

The sigma model describing the dynamics of the superstring in the AdS^ x S 5 background 
can be constructed using the coset PSU{2, 2|4)/S'0(4, 1) x SO(5). A basic set of operators 
in this two dimensional conformal field theory is composed by the left invariant currents. 
Since these currents are not (anti) holomorphic, their OPE's is not determined by symmetry 
principles and its computation should be performed perturbatively. Using the pure spinor 
sigma model for this background, we compute the one-loop correction to these OPE's. We 
also compute the OPE's of the left invariant currents with the energy momentum tensor at 
tree level and one loop. 
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1 Introduction 



During the last few years a number of results were obtained in N = 4 super Yang-Mills 
using integrability techniques 5 culminating in a general system of equations that predicts the 
anomalous dimension for all operators at any value of the coupling constant [1] . Despite all 
these results, the quantum properties of the dual string theory, namely strings in AdS§ x S 5 , 
still remain elusive. 

The classical integrability of the AdS§ x 5 5 sigma model was established in the paper [2] 
and later is was shown to hold also in the pure spinor description [3]. Using cohomological 
and algebraic renormalization techniques, Berkovits argued that the sigma model still has 
an infinite number of conserved charges when quantum effects are taken into account [4]. 

Besides these general results, not much is known about the sigma model. The one loop 
conformal invariance was proved in [5, 6] and the argument for all loop conformal invariance 
was presented in [4] . The one loop effective action was computed recently in [7] where it was 
shown that the "level" of the CFT is not renormalized at one loop, which in turn means that 
the relation between the 't Hooft coupling A and the AdS radius does not change at one 
loop. Besides, it was also shown that, using the prescription given in [4], the effective action 
does not get any correction at all (neither local or non-local). Regarding the integrability of 
the model, a detailed study of the transfer matrix of the worldsheet was done in [8], where 
it was shown to be a well defined operator in quantum theory. 

In this work we consider the one-loop correction of the OPE's of the left invariant 
currents. This is one particularly interesting set of operators in the worldsheet. Since these 
currents are not gauge invariant they are not expected to be primary fields of the CFT, 
nevertheless they are invariant under global PSU(2, 2|4) transformations and are used to 
construct integrated massless vertex operators [9] and also appear in massive unintegrated 
vertex operators. Another complication is that these currents are not holomorphic even in 
the classical limit, so their OPE's cannot be deduced from general arguments. Therefore, 
if one wants to compute spacetime observables using worldsheet techniques, a perturbative 
knowledge of these OPE's is mandatory. Besides this practical application, the knowledge 
of this current algebra in the worldsheet may shed light into more general aspects of the 
theory, such as the apparent quantum integrability. The tree level OPE's of these currents 
were computed in [10] (see also [8] and [11]) while the algebra of the left and right currents 
for a principal chiral model have been computed in [12] and [13]. 

Surprisingly, most of the possible one-loop corrections vanish due to spacetime super- 
symmetry and the result obtained here corroborates with the effective action result obtained 
in [7]. Thus this serves as further evidence that the relation between the 't Hooft coupling 
and the AdS radius is not renormalized. 

5 The literature on this subject is very large, and we did not attempt to give a list of references. 



2 



We also compute the OPE's of the left-invariant currents with the worldsheet energy 
momentum tensor. Although the currents are not primary fields, their tree level OPE 
with the energy momentum gives the expected result coming from gauge covariance. The 
results we found are compatible with general assumptions of CFT but they are not as 
simple as in the case of a chiral current algebra. Furthermore, at 1-loop we show that 
there is no correction to the tree level OPE for the bosonic currents. This is a surprising 
result since the left-invariant currents are not protected by any symmetry argument. On 
the other hand, the fermionic currents get anomalous dimension contributions. However, 
this is not inconsistent, the two types of fermionic currents get contributions that cancel 
when combined into a single operator, so the stress energy tensor still has zero anomalous 
dimension. 

Organization The structure of this paper is as follows. In section two we review the 
pure spinor superstring formalism. The case of AdS^ x S 5 background is discussed in 
section 3. In section four the methods to compute the OPE's is described. In section five 
we compute the one-loop contributions to the OPE'S. Section 6 contains the computation 
of the OPE's between the left-invariant currents with the energy momentum tensor. In the 
section 7 we summarize and comment our results. The appendices contain some technical 
details which were omitted in the main text. 

2 Pure Spinor Type II Superstring in Curved Back- 
grounds 

In a curved background, the pure spinor sigma model action for the type II superstring 
is obtained by adding to the flat action the integrated vertex operator for supergravity 
massless states and then covariantizing with respect to ten dimensional N = 2 super- 
reparameterization invariance. The result of this procedure is 

s = J d 2 z (^dz M dz N (G NM + b nm ) + d a dz M E a M + d & dz M E% + \ a ujpdz M n M J 

(i) 

+X & u dZ M n M& P + d a d $ P a P + \ a u;^C(p + \ & Qpd 7 C% y + \ a up\ & u> $ sM) + s pure + S FT , 

where Em A is the supervielbein and Z M are the curved superspace coordinates, Bnm is 
the super two-form potential. S pure is the action for the pure spinor ghosts and is the same 
as in the flat space case. The pure spinor condition means that they satisfy A a 7^, /3 A /3 = 
and A a 7^A /3 = 0, where c = 0, . . .9 is a tangent space bosonic index. 

As was shown in [14], the gravitini and the dilatini fields are described by the lowest 
^-components of the superfields C^ 7 and C^ 7 , while the Ramond-Ramond field strengths 
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are in the superfield P al3 . The dilaton is the theta independent part of the superfield <I> 
which defines the Fradkin-Tseytlin term 

Sft= ^J d2z r $> (2) 

where r is the world-sheet curvature. Because of the pure spinor constraints, the superfields 
in (1) cannot be arbitrary. In fact, it is necessary that 

n M J = n&V + |0 M(l6 (/)/, n M J = nflsj + -^i Ma b(n ab )J , (3) 
eg = cnsj + \c ab \r h )J. ct = frsj + \c ab \r%K 
s± = ssjss? + \s ab (n ab ) a nj + \s ab (n ab ) & hj + ^Sa^^Jd^J. 

The engineering dimensions, i.e dimensions in units of space-time length, for the world- 
sheet fields in (1) are: 

[X m ] = 1, m = \ [d a ] = [d & ] = | [X" U p] = [A a ^] = 2. (4) 

3 Review of the Pure Spinor Superstring in AdS$ x S 5 

As was shown for the first time in [15], the superstring in AdS^ x 5 5 background can 
be described using some currents defined in the superalgebra psu(2,2\4). Those currents, 
which are defined in a left-invariant way, are given by J A = (g~ 1 dg) A = dZ M E A { , J A = 
{g^dg)* = dZ M E^ for g an element in the coset supergroup PSU{2, 2|4)/50(4, 1) x 
50(5). The index A denotes (a, a, a,) and a = 0, . . .4 for AdS$, a' = 5, . . .9 for 5 5 , 
a = 1, . . .16, a = 1, . . .16 and a denotes both a and a! . 

Another way of obtaining the action for the superstring in the AdS$ x 5 5 background 
is by replacing the values that the superfields of the action (1) take on that background, as 
shown in [16] and [17]. In the following we will review that procedure. 

Using the supervielbein and the definition of the currents given above, one can check 
that the term which contains Gmn can be written as 

\q z Mq z n Gnm = (5) 

In AdS$ x 5 5 the only non-zero component of Bnm is Bz = ^(Ng s )i^/a'5 a p, where 
^ a/3 = (7° 1234 ) a/3 . Then the term containing Bnm in the action will lead to 

\dZ M dZ N B NM = \(jPj a B a$ + J a J $ B $ J = \^{Ng s )\{J?T + J a J $ )5 a$ . (6) 
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From the definitions of the currents J A , the terms containing explicitly and E^ in (1) 
will give 

dJ>z M E% = d a T, d & dz M E% = d & r. (7) 

By computing the flux of the five-form Ramond-Ramond field-strength one finds that 

xaj3 

**e - — (8) 



VZ{Ng s 



i > 

)4 



where 5 al3 = (^O 1234 )"/ 3 an d actually (8) sets the value for B aj ^ written above, as can be 
proven by using the field-strenth H = dB and the constraints of [14] . The values of the 
Superfields c£ 7 and C? 7 are zero in the AdS§ x S 5 , as well as and because they 
are related to derivatives of the superfield containing the dilaton, which is constant for this 
background. Now, the terms containing the spin connections will lead to 

x a ^dz M n M J = Nabl-, \ & Q $ dz M n M J = n^, (9) 

where = \dZ M VL Mg b, J~ = \dZ M VL M ab and = ±(A 7 ^), = ±(A 7 ^£) are the 
pure spinors Lorentz currents. Finally, the term containing is related to the space-time 
curvature as shown in [14], which is constant for the AdSs x S 5 space. More specifically, 

Rabcd = -"^2??a[c%]6 Ra'b'c'd' = -jpWa'[c?Vd']b' > ( 10 ) 

where R is the radius of AdS$ and S 5 and the minus sign in the first equation is because 
AdS§ has negative curvature. Thus, replacing the values of the background fields given 
above, the following action is found 

S= 2^/J ^(^A* + \{Ng s )-^5^{J a l P + J?T) + d a T + d a J & (11) 



+ %-=d a d^ + N ab J M + N ab M - -^N ab N ab + -L Na , b ,N a ' b ') + S X + 5 X . 

Note by now that the engineering dimensions are 



\r-] = [j-] = 1, m = [A = [j a ] = [A = \ (12) 

[Nab] = [Nab] = 2, [da] = [d a ] = I = [J*] = 0. 

By defining a^ 1 = (Ng s )*, using the equations of motion for d a and d a and performing 
the scalings 

(J^,J-) -> a.-\J^, J-), (J a ,J & ,T,T) -> 2^)^(J a , J & ,T,T) (13) 
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(N ab , N ab ) -> -^(N ab , N ab ), (J** J^) ^(J^, J^), 
we find the action 

S = — | d 2 ^ JV\> + <^ (J Q J^ - 3^7") (14) 

+AUJ^ + AfoJ^ - iV a6 iV a6 + N a , b ,N a ' b ') + S X + 5 X , 

which coincides with "usual" action for the superstring written in terms of the ps«(2,2|4) 
currents [16] [17]. Note also that in (14) all J's, J's, and pure spinor Lorentz currents has 
engeneering dimension one. So, by choosing units in which 2ira' = 1 the action is given in 
terms of dimensionless worldsheet fields. 

Because of their definition, (J , J ) satisfy the Maurer-Cartan identities dJ — dJ + 
[J, J] A = 0, so by making a variation of the action and using those identities, we can find 
the equations of motion 

VJ 2 = -[Ji.Ji] + \[N,1 2 ] - ^[J 2 ,N], (15) 

VJ 2 = [J 3 ,J 3 ]-^[J 2 ,N] + ±[N,J 2 ] (16) 

VJ 1 = ^[N,J 1 ]-^[J 1 ,N], (17) 

VJi = [J 2 ,J 3 ] + [J 3 ,J 2 ] + - \[Ji,N] (18) 

VJ 3 = ±[N,J 3 ]-±[J 3 ,N], (19) 

V J 3 = - [ J 2 , Ji] - [ Ji ,J2] + l [N, J 3 ] - ^ [ J 3 , iV] , (20) 

where V = 3 + [Jo, ] and V = d + [Jo, ]. We have supressed the index A and introduced 
a sub-index 0, 1, 2, 3 for the currents. This notation stands for Jo = J^M^, J\ = J a Q a , 
J 2 = J-Pa, J 3 = J a Qa and similarly for the J currents. This Z4 gradding for the superal- 
gebra was noted in [5]. Note that we have written the currents in terms of the generators 
of psw(2, 2|4), whose structure constants different from zero are 

f% = 2 ^ flr^h (21) 

M\ _ ( ef} j 6 . _ _ (ry ef)Ax - - f [e/1 f [e ' f] - -(-y e 'f ) ^5 - - h e 'f')^S - - f [e7 ' ] 

/ac = ~fca = 2^c)a/3<^ j /&c = ~fca = — 2^ 7 -^<*/3^ ' 
f [e/] _ l S [e S f\ Ae'f] _ _lfiV tf'] 

Jed — 2 c d ' •' c '' i ' ~~ 2 c ' d ' ' 
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f— — — f — — A— fP — —fP — —( \ P fP — — f P \ P 

The pure spinors have also equations of motion, given by ViV = ^[N,N] and ViV 
±[N,N}. 



4 OPE'S in momentum space and dimensional reg- 
ularization 

In this section it is described the kind of calculations we intend to do. We are going to 
calculate contributions to the expectation values ( J-(y) J-(z)), (J-(y)J a (z)}, etc... pertur- 
batively, including double contractions (one loop) with no contributions of classical fields. 
The traditional way to calculate this kind of expectation values is to perform a background 
field expansion as in [5], [6] and [18]. That is, we choose a classical background given 
by an element go in the supergroup and parametrize the quantum fluctuations by X as 
9 = 9o eC * X j where a is the coupling constant defined in the last section. Then, the currents 
can be written as 

J = g- 1 dg = e- aX J e aX +e~ aX de aX , (22) 

J = g-^dg = e ~ aX J e aX + e- aX de aX . 

The exponentials in (22) can be expanded, giving rise to expressions involving commutators, 
which can be evaluated by using the structure constants of the psu(2, 2|4) Lie superalgebra 
(21), that is, 



J = Jo+a(dX+[J ,X])+—([dX,X\+[[J ,X\,X])+— ([[dX,X],X]+[[[J ,X],X],X])+..., 

(23) 

and similarly for J. 6 In the last expression Jo denotes the classical part of J and not the 
index of the Z4 gradding. That sub-index will be dropped out, so it will be understood 
that the currents which appears in this type of expansion are classical. In the appendix, 
the expansion of the terms in the action (14) is written up to cubic terms in the quantum 

6 Note that we have made the choice X = X2 + X\ + X3 for the parametrization of the coset. Here we have 
used the 5*0(1, 4) x 50(5) gauge invariance to fix Xo = 0. Supposed we do not use the gauge invariance to fix this 
component and use another parametrization X 1 = X' 2 +X[+ X$ + X' . We can use the Baker-Campbell-Hausdorff 
formula to write e x = e x 2+ x i-+ x 3 e x o anc [ g nc [ t ne field redefinitions from from X' to X2 + X\ + X3 and Xq. 
If we define the quantum field by g — g e X2+Xl+X:s e x " the expanded action will be independent of X , so this 
component is just a local gauge transformation of currents Jj — > e~ x °Jie x ° for i = 1,2 and 3. This implies 
that a coset parametrization without fixing Xq to vanish is related to our choice by a gauge transformation, 
as it should. Although our results are not gauge invariant, they are gauge covariant, so we do not expect any 
significant change using another coset parametrization. 
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fields, since this is the relevant order for the one-loop computation of the current's OPE's. 
We will focus on the matter part of the OPE's. In Section 5 they do not enter at all, since 
there is no diagram that mixes matter with ghosts. However, in Section 6, they do enter at 
tree and one loop level. 

Replacing those expansions of the appendix in (14), one can identify the kinetic piece 
S p of the action 

s P = J d 2 z(^dX^dX b - V ab + 45 a pdX a dX?), (24) 
from which we obtain the propagators in coordinate space 

X a (y)X b (z) -> - V ab ln\y- z\ 2 , X a ' (y)X b ' (z) -> -S a ' b ' In \y - z\ 2 (25) 
X a (y)X^(z) -> -j6 a ? In \y - z\ 2 . 

The reminder terms of the background expansion will provide the vertices of the theory. 
It is then straightforward to write down coordinate-space expressions for the Feynman 
rules of the diagrams which will appear in the remaining of the paper, and calculate the 
contribution of each OPE, like the tree level calculations of [10]. However, things are 
different at one loop. There are divergences which produce ambiguities in the coodinate- 
space integrals. The basic techniques for dealing with such a problem, involving this kind of 
calculation, were developed a long time ago in [19], [20], [21], when it were used momentum 
space Feynman rules with a prescription for worldsheet dimensional regularization. Then 
the results could be written in coordinate space by using an inverse Fourier transformation. 

The two dimensional prescription for dimensional regularization consists in keeping all 
the interactions in exactly two dimensions, but the kinetic terms, and hence the denomina- 
tors of the propagators will be in d=2 — 2e dimensions. 

We are going to use the definition d 2 k = dkxdk v _ With this choice there is no it depen- 
dence in the results and the Green function G(y, z) is represented as 

/ ik{y-z)+ik{y-z) 
d 2 k - 2 . (26) 

The momentum space propagators look like 

X«-(k)X b -(l) -+ r^ 6 -^!, X°(k)X»(l) -+ (27) 

To work out the corresponding expression for the OPE's in momentum space we use 
the dimensional regularization prescription and include a factor T(l — e)(47r)~ e (27r) 2e for 
each loop. This will remove the Euler constant (the G-scheme [22]). All the integrals we 
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need to compute in the momentum space come from the formula 



/ 



d p a p b 
dp 



fca+l-a-p-fi 



[\pfn\p-k\y 

k 2 



M 2 



-a-BTp+^^-P 




-a — j3 + b + i — e) 
2e-a- /3 + i + b) 



* r( n^;;^ > r(i -^ +<)1 ' <*> 

where \i is the usual mass parameter of the dimensional regularization and the measure d d p 
is the standart d-dimensional measure divided by ir. Using this regularization, integrals 
like J vanish due to the cancelation betwen ultraviolet and infrared divergences in two 
dimensions. In order to check whether infrared and ultraviolet divergences cancel separately, 
we should replace the propagator in each infrared diagram by [23, 24, 19] 

i -> -^ + -5 2 {k) (29) 

\k\ 2 \k\ 2 T) ^ ' V ' 

and by taking e = 77 we could subtract out all infrared divergences. Since we are not 
evaluating expectation values of conserved currents, the result may depend on e and this 
procedure is important. However, for the sake of simplicity we are not going to do this in 
this paper and we postpone this discussion to a future work. 7 

Next, we need to calculate all diagrams in momentum space using (28) with the dimen- 
sional regularization prescription, and afterwards reexpress the results in coordinate space 
using the following: 

k 1_ fc 

t^'iy-zf k ' ' (y-zY 



T * ^ _ ~ 72> u^- ,- -v2 » ( 30 ) 




In \y — z\ 2 

{y-zf ' 

k k I , \ ln\y-z\ 2 

+ _ ( 1 - log J-L | «— > — . j ■ 



ek k y [i 2 J (y-z) 

5 OPE'S without classical part 

First note that from the expansions in the appendix, collecting the terms with three quan- 
tum fields and no classical field we obtain 



(31) 

7 If we keep the parameters e and rj as independent parameters the infrared divergences can be read from the 
- — - coefficients and the ultravilolet from - coefficients. 
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+2X^dx a dx?( 7 aU - 2X^dx & dxP( 7 a) & fj]- 

Integrating by parts the first line we obtain 

S(X 3 ) = aj d 2 z[X^dX a dX^ 7g ) a/5 - X±dX & dxP( lg ) &$ }. (32) 

The last expression gives the vertices used in the computation detailed in the next subsec- 
tion. 

5.1 One- loop computations 

We can use the expansions of the appendix to compute perturbatively the OPE's of the 
various currents J and J . We will give in detail the computation of (J-(y)J-(z)) leaving 
the method clear and explaining how to get the rest of the results. 

Restricting the expansion (23) to the case without classical currents, we can write 

(JHy)J b -(z)) = a 2 (a^(y)^(z))-a 3 (aX^y)^X^(z)) 7 ^-a 3 (^(y)aX <i ^(z))7^ 

(33) 

-a 3 (dX a Xe(y)dX b -(z)} 1 %-a 3 (dX & xP(y)dX b -(z))^. + ^ 

+a\dX & X^y)dX^X s (z))^ b - s . 

With the first term in (33) we can form a one-loop diagram by using the two terms in the 
right hand side of (32), which will come from the expansion of the exponential of minus the 
action at second order. This one-loop diagram is shown below 8 . 




So, in momentum space, using the contractions (27) the first diagram gives 

a\dX«-{y)dX b -{z)) = -^^U^)^^ J d d P^ 2 {k ~f_ {k p ~ P) (35) 



8 In all the diagrams crosses indicate vertices coming from the currents, double lines indicate background fields 
and single lines indicate quantum fields. 
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J P \p\ 2 \k-p\ 2 \\k\ 2 

The coefficient deserves an explanation. There is a \ coming from the expansion of exp—S 
at the second order in S, also there is symmetry factor of 2 from the different possibilities 
of contracting the bosonic indices. Another factor of two comes from the double product 
in (32) when computing S(X 3 ) 2 . Finally, there is a ^ from the fermionic propagator. It 
can be easily checked that ('Jc)ap(ld)^S aa S /3 ^ = l^Vcd- Therefore, using the results of the 
integrals summarized in the appendix, we obtain 



k k 1 1 _ ln \kf 
k k e \i 2 



a 2 {dX±(y)dX b -(z)) = -2aS-[r + f(" + 1 " ln ^r)}- ( 36 ) 



Now let's consider the remaining terms in (33). Both the second and third terms in (33) 
can be represented by the diagram 




Graph 2. 



(37) 



It can be checked that this diagram cancels because the second term in (33) cancels with 
the third. The reason for this cancelation is as follows: to form the diagram the sec- 
ond term in (33) contracts with the second term in (32), while the third term in (33) 
contracts with the first term in (32). Since those terms in (32) have opposite signs then 
-a 3 {dX±(y)dX a XP(z))^ cancels with -a 3 {dX^(y)dX & X^(z))^. Using the same rea- 
soning one can check that — cc 1 {dX a X@ {y)dX-(z))^p cancels with — a 3 {dX a X^(y)dX-(z)) , yT^- 
That means the following diagram also cancels 




Graph 3, 

(38) 
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Finally the term a i {dX a X^(y)dX x < X^z))^^ in (33) , which is represented by the 
diagram 




Graph 4. 



gives 



a\dX-X^y)dX^X\ Z )) 1 ^l% = ^t^'^ J 



p\ 2 \k — p\ 



J d d p 



P ik-p) 

W\k- P f 



k k \e /i 2 



(39) 



(40) 



and the last term in (33) gives the same result. Because of this fact, (36) cancels with two 
times the result in (40), or in other words, the first diagram cancels with the forth. Then, 
the one-loop correction to (J-(y)J-(z)} without classical field vanishes. 

Let's consider now (J a (y)J l3 (z)) at one loop and also without classical currents contri- 
butions. Then 



(J a (y)jP(z)) = a 2 {dX%y)dX^z)) + ±a 3 \dX a {y)dX~< X b -{z)){ lb ) 1& 5^ (41) 



--c?{dX a {y)dX b -X\z)){ lb ) 1& 5 s P - -c?{dX^X b -{y)dx\z)){ lb )^5' 



aS 



+\a*(dX b -X\y)dX^z))( lb )^ ^ 



+la 4 <dM^y)^X^)>( 7£ ).^^ 



ya\dX^(y)dX^{z))( lQ )^{ 1± ) lS 
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The result will be analog in this case. The first term, represented by diagram 1 gives 

(42) 



a\dX«(y)dxHz)) = y^^I + + ln ^> 
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while the second term cancels the third in (41), as well as the fourth cancels the fifth. Again, 
the second and third diagrams cancel independently. Also, in this case those cancellations 
are due to the sign difference in the two terms of (32). The last four terms in (41) are 
represented by the fourth diagram. The sixth term in (41) gives 

-^ a \dX^X%y)dX^xHz))(jc)^ a \ldhsS S$ = ~^» 4 5 a ^ (± + 1 - ln^ ), (43) 
which is also the result of the eighth term. Finally, the seventh term in (41) gives 

±a\dX^X c -(y)dX±X^z))(^5 a \^ s 5^ = "^« 4 <^p (44) 

which is the same result for the nineth term. Then, twice (43) plus twice (44) cancels with 
(42), or again, the first diagram cancels with the fourth. 

Let's now consider (J—(y)J—(z)). For this case only diagram 4 contributes. 

{J ab {y) jc_d {z)) = ± {dX a X^y)dX^X%z)){ 1 ^5 i ^)^5 5& (45) 
-^(dX^(y)3M^))( 7 ^) Q ^^ 

+ ^(dX^X a (y)dX & X^z))( 7 ^)f5 a ^)Js^ + ^(dX e -Xl(y)dXlxHz))5^5f5^. 

Each term can be computed either in momentum or coordinate space without ambiguities. 
The first term gives 

a 4 a a - , i r a 4 n-^r$- 

-{dX a X^y)dX^X^z)){ 1 ^5^)^5 s& = (46) 

The second gives 

-^ {d X-X^y)dX^X^z)){^5 1 ^) & h^ = _^ ^-ln\y-z\ 2 (4?) 

The third gives the same result as the second and the fourth gives the same result as the 
first. Finally, the fifth term gives 

^(dX^Xl(y)dXlxHz))8^6f6^f = y ^^(1 + ln\y - z\ 2 ). (48) 

Thus 

{J ok {y)J cd {z)) = _! a 4^ (1 + Hy _ A 2y (49) 

8 (y - z) 1 

One can easily check, given the vertices of (32) that there is no way to form one loop dia- 
grams without classical current contributions for (J-(y)jP(z)}, (J-(y)J^ (z)), (J a (y)J^ (z)), 
(J & (y)jP(z)), (J±(y)jtz(z)), <J«(y)J^(z)>, {J & {y)JH*))- 
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Let's compute now (J-(y)J-(z)) 



(JHy)J-(z)) = a 2 {a^( 2/ )M^))-« 3 (^(y)9ri^( 2 )) 7 ^-a 3 (^(y)ar^(z)) 7 ^ 

(50) 

-a 3 (<9X^(y)dX^)> 7 ^-^^^ 

+a A (dx & xHy)dx^x s (z))^ 1 b - s . 

In this case the first term will give 



^(dX^dX^z)) = -^-1^(7^(7^ 



|fc| 2 



d d p _PP (k-p)(k-p) 



\p\ 2 \k — p\ 



_ S aa § (ip / d d 



p 



p 2 (k-p) 2 
\p\ 2 \k-p\ 21 



(51) 



= -2a 4 ^ [l + ( - + 1 - IrM- 

[ \€ fi 2 

As in the case of (J-(y)J-(z)} the second term cancels with the third and the fourth 
with the fifth, i.e. the second and third diagrams cancel independently. Nevertheless, the 
sixth term gives 

l/„|2 s 



a 4 (dX«xP(y)dX^X 6 (z)h^ b -~ 



1 + I - + 1 - ln- 



l 1 



(52) 



and the senventh term in (50) gives the same result. So, differently from J-(y)J-(z) where 
the first and fourth diagrams canceled, they add up for (J-(y)J~(z)) , giving 



(JHy)J-(z)) = -Aa 4 ^ 
which in coordinate space is 

(JHy)J-(z)) = AaS- 



1 + I - + 1 - In 



\k? 



6^(y,z)ln\y-z\ 2 



\y - A . 



(53) 



(54) 



In a completely analog way (J a (y)J (z)) gives 



(J a (y)/(z)) = \aH^ 



and 



(J^(y)J^(z)) 



5( 2 \y,z)ln\y-z\ 2 -. 
5^ 2 \y, z)ln\y — z\ 2 



1 



y - A \ 
l 



(55) 



(56) 



\y - A 2 . 

Summarizing, the only non- vanishing one- loop results are (49), (54), (55) and (56), which 
are consistent with the results found in [7]. 
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6 OPEs of the Energy momentum tensor with the 
currents 



The energy momentum tensor is 

T = -^(\j-J b -nab - ^ a$ jh a + 2Na k J^ + 2u a dX a ), (57) 

6.1 Tree level 

In this subsection we will compute T(y)J A (z) at tree level. Let's start with J-. The result 
is 

( T (y)JHz)) = ^^ + ^ z ( K dJ^z) + [J ,J 2 nz)-\[N,J 2 m^ (58) 

( dJ ~ {z) + [7 °' J2] ~ [z) " [j3 ' 73p(z) " l^ 7 ^ - 

Note that the second line of the equations above vanishes by the use of the classical equations 
of motion, so there is no inconsistency from the fact that dT = 0. We will now explain how 
to arrive to this result. From the first term in the energy momentum tensor we obtain 

-^2(J b -J^bc(y)J-(z)) = -^(5X^(y)^(z))-J^[J,X]^( 2 /)^(z))-^(^r ? 6e(y)[J,X]^(z)) 

(59) 

Contracting using the propagator in the first term of the right hand side we obtain the 
double pole, as well as the terms with d J- and dJ- in (58). Now, the expansion of the 
action contains terms of the form dX-J~X-r] e \ £ 5^rj g h and dX-J— X-rj e ^S^rjab. Specifically, 
those terms come from the expansion of r]abJ-J~. Those terms can contribute at tree level 
when contracting with the first term in (59). The first gives the [Jo, J 2]- in (58), while the 
second gives a —[Jq-,J 2 }- which exactly cancels with the second term in (59). The third 
term in (59) gives the [Jo, J2]- which appears in (58). 

From the second term in the energy momentum tensor we obtain 

^S a p(J a J $ (y) JHz)) = 45 a$ J a (dxP(y)dX^z)) - A5 a ^ (dX«{y)dX±{z))+ (60) 

4^J«([J,xrt y )c^(z)> - 4^ 

-45 a$ jP(dX*(y)[J,Xnz)) 

Expanding S a ^J a J 13 and — 35 a/ jJ^J a in the action (14) we can form treel level diagrams 
with the first term in (60) whose result vanishes. Nevertheless, the tree level diagrams 
formed with those expansions and the second term in (60) gives the [J3, J3] in (58). The 
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remaining terms in (60) vanish because they give contributions of the form </ a </^7^g or 

ap 

From the third term in the energy momentum tensor we can easily obtain — [N, J]-(y — 
z)^ 1 , while using the first term in (59) and the expansion of J~Ngb in the action (14) we 
obtain \ \N, J]-(y — z)^ 1 , giving at the end the term [TV, J]- in (58). Similarly, the first term 
in (59) contracted with the expansion of Nab J— gives the [N, J]- in (58). Finally, the last 
term in the energy momentum tensor contracted with J— will give a tree level contribution 
by forming tree- level diagram contracting with J~X-, which comes from the expansion 
of NgbJ~- This contribution will be the [N, J 2]- in (58). Note that using the classical 
equations of motion, the second line in (58) vanishes. Then, classically J- is not a primary 
field. 

Similarly, we obtain 

( T (y)J a (z)) = + j— z (dJ a {z) + [J ,Ji] a (z) - ±[N, Ji] a (z)) (61) 

and an analog expression for (T(y)J a (z)). Nevertheless, it can be easily checked that at 
tree level, T(y)J^ is regular. 

A 

It is also interesting to know (T(y)J (z)). Following the same computation described 
in detail for (T(y)J-), we found 

<n»)3»M> = -j^)^fa-.)- 1Jl - JlFW -^ lJV - j2la(3) -^ |JV ' 72la(3) + ^ |Ar - j2FW , 

y — z 2 y — z 2 y — z 2 y — z 

(62) 

pwrw) = -j-fe^o, - ,) + il^EM + 'EM _ iJ^CM, m 

2 y—z 2 y—z 2 y—z 

(T(y)J%)) = V^ 1 ^ _ [jijgffig) _ {M) 
y- z y-z y- z 

Note that these results are not inconsistent with dT = 0, since, as usual, this derivative 

only gives contact terms in the right-hand side. 



6.2 One-loop 

Next, we calculate the OPE's between the energy momentum tensor and the current J- at 
one loop. We are going to show that there is no contribution to this OPE. To this aim, we 
need to go up to one classical fied in the action and current expansions. In particular, we 
need to evaluate terms whith one classical field and three quantum fields in the action. 

We are not going to show the details like in the last subsection and we just list the 
contribution of each diagram directly in coordinate space. 
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The unique contribution to (T(y)J-(z)) OPE come from — ■^ 7 (r] a i ) J-J-(y)J-(z)) and 
4j (<5 a pJ^ J a J-{z)) . It will be shown now that these OPE's cancel separetly. Let us start 
with the first one. Expanding J-J-(y) and J-(z) up to one classical current, the expectation 
values we need to calculate come out as follow: 

-^(J-J-(y)J-(z)) = -r l ^y)(dX b -(y)dX%z))-ar l ^J^y)(dX & X^y)dX%z^ 

~ ^f^/i ] J^)(dX^dX b -(y)X^xL( z ^ (65) 

- \ flab (dX^dX b -(y)dX c -{z)) + ^Vabtl (dX^dX b -(y)dX^xP(z)) 

+ a 2 r lsk J^(^ i dX^(y) 1 ^dX^Xi.(z)) 

+ cw S b'£ i J*(dXZ(y)dXZX£.(z)), 

where we are using the notation: a — > (a, a). For the sake of simplicity we don't write 
explicity the structure constants ff ah ^ c and fjr^- The first term is given by diagram five 



The result is 




The next term is computed by evaluating diagram six 
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and the result is zero. The contribution for the third term comes from diagram seven. 




The next two terms could be calculated by evaluating diagrams eight and nine, but 
there are no possible contractions and they do not contribute. 
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The contribution for the sixth term comes from diagram ten and gives 



Giaph 10. 



(73) 



2 vi IJi IV-, , v -, ,_ L ,y ,, y ., . „\ _ 2a 2 J c (y) ^ | 



(y - 

The seventh term is calculated from diagram eleven and the result is zero. 



(74) 




Graph 11. 

Finally, the fourth term also contributes to diagram twelve 




(75) 



Graph 12. 



(76) 



where it was used a vertex from the action which one classical field and three quantum 
fields. The result is 

e c f \ab] 



a 



-- Vg ,{dx^ y )dx b -(y)dx ( - 



2(y - zf 



(77) 
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So, we conclude that — (j]abJ-J-{y)J-{ z )) = 0. 

Now we will show that 4^ (^S a ^J^ J a (y)J-(z)^ is also zero. Again we need to expand 
the currents up to one classical field and calculate each expectation value. As the relevant 
diagrams are the same, we are not going to put the results for each expectation value and 
we will use the notation I n for the n-th diagram, and just list the result of the diagrams 
that contribute, as follows 

h = 

4a 2 J^(z) 



h 



2 



2a 2 J^(z)ln\y- z\ 2 3a 2 , J±{z) 



h = — ik - + 



(y - z) 2 ! {y - z) 2 

2a 2 J c -{z ) (n , ^ ^ 

(y-z) 

4a 2 JHy ) , 

(y-z) 

a 2 J%z) 



h = 77. V (2 + ln|y-z| 2 ) 



ho = ~ " V ff (l + m|y-z| 2 ) 



'12 



(78) 



(y - z) 2 

After evaluating the background fields at the point (z,z), the sum of the diagrams is 
null. The derivative terms of the J- don't appear in the results because they can be written 
as bilinear terms in the classical fields due to the equations of motion, and they will not 
enter in this one classical field calculation. Therefore, one can see that the result of the one 
loop calculation is 

(T(y)r-(z)) = (79) 

Now, for the currents J\ and J3 the results are different. The one- loop results for 
(-^VabJ^HyU^z)) are 



5 2 ,P(z) 
h = T a 



4 {y-zf 
5 2 JT(z) r 3 , . l2l 



4 (y- zy 



5 2 <^ 7 (^) r, 



5 2 «/ 7 (^) 

J12 = -« 



8 (y-^) 2 ' 



(80) 
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then in one-loop order (—^r] a bJ-J-(y)J' y (z)) vanishes. Nevertheless, computing (—45 a ^J a J 13 (y)J' 1 (z)} 
we found the following results for each diagram 

h = 0, 



4 (y - z) 2 

5 2 J^{ z ) r 3 , i ,2i 



/9 = -|« 2 -^%[2 + H,-z| 2 ], 
4 (y - z) 2 



Ao = 

4 (y-z 



= ^^-^[l + ln\y-z\% 



5 2 JT(z) 

J 12 = 777° 



16 (j/-z) 2 ' 



(81) 



then T(y)J\(z) does not cancel and indeed gives 



(T(y)r(z)) = - (82 ) 



Something similar happens for T{y)J^{z). Computing —\r] a i ) {J-J-(y)J x< (z)) we found 



■^^[l + Ny-.H, 



= 5 2 jH± 

7 4 a (y-zr 

h = 0, 

h = 0, 

In = 4« 2 J1{Z) 



4 (y-z) 2 ' 

(83) 

so, {—\rjabJ-J-{y)J Al (z)) cancels. Nevertheless the diagram results for (—4:5 a sJ a J 13 (y),P (z)) 
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are 



h = \a 2 £^[l + ln\y- Z \% 

h = 0, 

5 2 J^(z) 
J7 = —a 



4~ (y-z) 2 ' 
h = 0, 

ig = 0, 

/io = 0, 

5 2 JT(z) 
hi = -T77" 



16 (y-z)2 ; 



(84) 



So, 



Finally, let's consider (T(y)J^(z)) . Computing (- ^zVgbJ^J-(y) J [cd] {z)) we found 

2 jN(z) 



I 7 = a 

(y - zr 

/ 9 = -a 2 -^^[2 + /n| 2/ -z| 2 'i. 

(y - zy 



j[cd] t z \ 

ho = a 2 - y -^{l + ln\y-z\\ 

(y - z y 



(86) 



and the same result with opposite sign for { — ^ I r] a bJ-J-(y)J^ c ' d '\z)) so in one loop order 

(-^VakJ-J-{y)J M {z)) cancels. 

Similarly, computing ( — -^ I 5 a ^J a J l3 (y)J cd (z)} we found 



I 7 = 4a 



jW(z) 

(y - z) 2 ' 

2 



J 9 = ~ Aa j^iV +ln \y- z \ ]» 

J 10 = 4a 2 ^4[l + Hy-z| 2 ], 
(y - z) 2 



(87) 



and the same results with opposite sign for (-^S a ^J a J^{y)J c ' d ' {z)). Then (--^S a ^J a J^{y)J^{z)) 
cancels at one loop order. Considering the term N a bJ— in the energy momentum tensor, 
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we find that the diagram 10 contributes 

3 2 

4 (y-z 



iu = 7 a2 "r~ — Y2 1 1 + ln \y - z W 



and this result is directly related to (49) . This last result is canceled by computing the one 
loop contribution coming from the contraction of the last term in the energy momentum 
tensor (57) with the term N^J~ coming from the expansion of the action . In conclusion, 
the one loop contribution for (T(y)J—(z)} cancels. 



7 Summary of Results 



In this work we showed that at one loop, there are non trivial cancelations in the possible 
corrections to the double pole of the product of the currents J-(y)J-(z) and J a (y)J^(z). 
These results are in agreement with [7]. On the other hand, we found the following one 
loop corrections to the double pole corrections 



{J ab {y) jcd {z)) = **IL^_ {1 +ln \ y _ z \2 )f 



(J^y)r-(z)) = -4a V 



(J a (y)j\z)) = —-a 4 5 a P 



8 (y - zf 
1 



y - zr 
l 

\y - A 



and 



(J^y)J%)) 



\y - A 



- 5 {2) {y,z)ln\y - z 
-5^(y,z)ln\y- 



8^ (y, z)ln\y — z\ 



(89) 

(90) 
(91) 

(92) 



We also found that there is no way to form one loop diagrams without classical current 
contributions, i.e double pole corrections for (J-(y)J l3 (z)), (J-(y)J l3 (z)}, (J a (y)j"(z)), 

(J & (y)jHz)), (J±(y)J*( Z )), (J-(y)J^z)), (J-(y)J^(z)). 

About the product of the energy momentum tensor with the currents we found the 
following results on-shell 

(T{y)J-(z)) = 77^4 + (dJHz) + [Jo, J 2 m - V J 2 f(z)) , (93) 



y-z 



where we found a non trivial cancellation in the possible one-loop contribution to the double 
pole. On the other hand, for the fermionic currents we found 



— (dJ°(z) + [Jo, Jtf(z) - i[JV, .h}"(z) ] , (94) 



— Z 



™ J& ^ = ( 1 + T^£^ + yh 



dJ a (z) + [J , J 3 ] a (z) - -[N,J 3 ] a (z)\ . (95) 
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Thus, there are one loop corrections in the double poles. However, forming a single operator 

J a J a those corrections cancels, which means that the energy momentum tensor still has 

zero anomalous dimension. It is worth to note that for (T(y)J—(z)) we found regular terms 

at tree level, while at one loop the possible corrections to the double pole term cancel. In 

this cancelation plays a key role the result (89) and the pure spinors. We also computed 
j\ 

(T(y)J (z)) at tree level, whose results were written at the send of subsection 6.1. 

In the one loop level of this work, we focused on the corrections to the double poles. We 
leave the study of the possible corrections to single poles for future work. 
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A Background Field Expansion 

Here we use the background field expansion described in section 4 and write the expansion 
of the terms in the action (14) up to cubic terms in the quantum fields, since this is the 
order relevant for the one-loop computation of the current's OPE's. For the pure spinors 
Lorentz currents one expands 

N^ = N^+aN^+a 2 N^, (96) 
and similarly for Nab- Now, the pure spinor Lorentz currents have the following behaviour 

^ (97) 

y z 

AfMAfi'M - "3 (») 

B Explicit expansion of the action 

In this subsection we will write down the expansion of the matter part of action containing 
three quantum fields and one classical current. 

The contributions proportional to J- and J~ are 
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y I d 2 z[^dX a X b X c J% a[mc -^dX a 'x b 'x c 'j d ' Va , [b , V ^ (99) 

-^X a 'X 6 'X c ' J*Va>[M#W - \dX^X a X^J%^S a$ + ^(7od)^o7 - \{lad)o?S^) 



3 

/ ,p 

x a r (' 

4 



\x a ' J d \ la 'M^ - \dxPx a {x±j%ad8 a p + l lx a J d ( lad )^5 a ^ 

The contributions proportional to J s are 



n / d^-dX a X^( 7 ^ 7 ( 7 ^--dX a X^ 6 )^( 7 a' fe 0<i £ <V 



(100) 

_ ^dX & X^X% &Vgk - IdX-X^X^i^W^^S^ - (j a ' b ') a e S £$ (7a'b')5 P S^) 

+±dX^X b -X% & r l a k + ^X^X"^^)^ + ^3X a 'x b 'x^( 7a , 6 0^^- 

^ 

The contributions propotional to J are 



(101) 

+^dX a X*X*6 aSng t - IdX^^xm^Sp^/S^ - h a ' b ')a%i(la' b ^S j$ ) 
-^dX^X b -X a 5 a ^ - -dX a X b X a 5^{ lab f a - l ^dX a 'x b 'x a 5^{ lal y f a ]j' & . 



C List of integrals 

/ <* S 121 1 M2 = " ^ )■ ( 102 ) 

7 |mp|m — k\ z kk e fi z 

/ w mm 
d m = ( 103 ) 
|m| z |m — k\ z 

[ d d m - = _2_i [\k\r*ni-e)*m = _i i _ ^ 

,/ dm | m |2| m _jfe|2 tt^ M -2e r(l-2e) fc l e % 2 j ' 1 j 
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f , d g i i p| 2 ]-r(i- e ) 2 r(6) 11 lAf 

7 m |m|2|m-feP " ^k n-* r(l-2e) " fc ( e % 2 j " (iUbj 



2 



/> ra ^ = 1 fc PI 2 ]- r(2 - £ )r(l - e)T(e) = _fc 1 _ jjf 

7 d m | m |2| m _fc|2 ^jfc M -2, r(2-2e) Fe + % 2 j ' W 



/> ro ^ = -1 * [l fc l 2 ]' £ r(2 - e)r(l - e)T(e) = _* 1 _ jfcg 

7 d m | m |2| m _ fc |2 ^fe ^ r(2-2e) fc l e + % 2 j ' W 

m 2 m 1 J|fc|2]-^r(l- e ) 2 r(l + 6) _fc 

- 2lF*~^ T(2-2e) " 2" (1U8j 



1 121 

mfm — 


k\ 2 






mm 2 




X | 121 

mfm — 


k\ 2 


2-2 




mm 





f d d m mrh = 1 Jfc| 2 rr(i- e ) 2 r(i + e) = fc 

y |m| 2 |m-/c| 2 2vr e ^ T(2 - 2e) 2' v 7 

J d ~ ^ r(4-2e) " Y" ( Uj 

j mm 11/ 2 , |/c| 2 



/• , m^m 1 11 . , 

r S^-^ '—i'"'"?'- (112) 

/" , m 3 m 1 k . 1 , Ifcl 2 

y = + 1 - (n3) 

/" d m 2 m 2 3 

/ « m- — -7T = -. (114) 

y m 22 m-A: 2 2 v ; 



References 



[1] N. Gromov, V. Kazakov and P. Vieira, "Exact Spectrum of Anomalous Dimensions of 
Planar N=4 Supersymmetric Yang-Mills Theory," Phys. Rev. Lett. 103, 131601 (2009) 
[arXiv:0901.3753 [hep-th]]; 

N. Gromov, V. Kazakov, A. Kozak and P. Vieira, "Integrability for the Full Spectrum 
of Planar AdS/CFT II," arXiv:0902.4458 [hep-th]. 

[2] I. Bena, J. Polchinski and R. Roiban, "Hidden symmetries of the AdS(5) x S**5 su- 
perstring," Phys. Rev. D 69, 046002 (2004) [arXiv:hep-th/0305116]. 



26 



[3] B. C. Vallilo, "Flat currents in the classical AdS(5) x S**5 pure spinor superstring," 
JHEP 0403, 037 (2004) [arXiv:hep-th/0307018]. 

[4] N. Berkovits, "Quantum consistency of the superstring in AdS(5) x S**5 background," 
JHEP 0503, 041 (2005) [arXiv:hep-th/0411170]. 

[5] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, "Superstring 
Theory on AdS2 x S 2 as a Coset Supermanifold," Nucl. Phys. b567 (2000) 61, hep- 
th/9907200. 

[6] B.C. Vallilo, "One Loop Conformal Invariance of the superstring in an AdS§ x S 5 
Background," JHEP 0212 (2002) 042, hep-th/02 10064. 

[7] L. Mazzucato and B. C. Vallilo, "On the Non-renormalization of the AdS Radius," 
JHEP 0909, 056 (2009) [arXiv:0906.4572 [hep-th]]. 

[8] A. Mikhailov and S. Schafer-Nameki, "Perturbative study of the transfer matrix on the 
string worldsheet in AdS(5)xS(5)," arXiv:0706.1525 [hep-th]; 

A. Mikhailov and S. Schafer-Nameki, "Algebra of transfer-matrices and Yang-Baxter 
equations on the string worldsheet in AdS(5) x S(5)," Nucl. Phys. B 802, 1 (2008) 
[arXiv:0712.4278 [hep-th]]. 

[9] A. Mikhailov, "Symmetries of massless vertex operator in AdS(5) x S**5, " [arXiv: 
0903.5022 [hep-th]] 

[10] V. G. M. Puletti, "Operator product expansion for pure spinor superstring on AdS(5) 
x S**5," JHEP 0610, 057 (2006) [arXiv:hep-th/0607076] 

[11] M. Bianchi and J. Kluson, "Current Algebra of the Pure Spinor Superstring in Ads (5) x 
S(5)", JHEP 0608, 030, (2006) [arXiv:hep-th/0606188]. 

[12] S. Ashok, R. Benichou and J. Troost, "Conformal Current Algebra in Two Dimensions," 
JHEP 0906, 017, (2009), [arXiv:0903.4277 [hep-th]]. 

[13] R. Benichou and J. Troost, "The conformal current algebra on supergroups with ap- 
plications to the spectrum and integrability," [arXiv: 1002.3712 [hep-th]]. 

[14] N. Berkovits and P. S. Howe, "Ten-dimensional Supergravity Constraints from the 
Pure Spinor Formalism for the Superstring," Nucl. Phys. B635 (2002) 75 [arXiv:hep- 
th/0112160]. 

[15] R. Metsaev and A. Tseytlin, "Type IIB Superstring Action in Ads§ x S 5 Background," 
Nucl. Phys. B533 (1988) 109, hep-th/9805028 

[16] N. Berkovits, "Super-Poincare Covariant Quantiztion of the Superstring," JHEP 04 
(2000) 018, hep-th/0001035 

[17] N. Berkovits and O. Chandia, "Superstring Vertex Operators in an AdS$ x S 5 Back- 
ground," Nucl. Phys. B596 (2001) 185, hep-th/0009168 



27 



[18] O. A. Bedoya, "Yang-Mills Chern-Simons Corrections from the Pure Spinor Super- 
string," JHEP 0809:078,2008, arXiv:0807.3981 [hep-th] 

[19] J. de Boer and M. B. Halpern, "Unified Einstein- Virasoro master equation in the 
general non-linear sigma model," Int. J. Mod. Phys. A 12 (1997) 1551 [arXiv:hep- 
th/9606025]. 

[20] J. de Boer and K. Skenderis, "Covariant computation of the low energy effective action 
of the heterotic superstring," Nucl. Phys. B 481, 129 (1996) [arXiv:hep-th/9608078]. 

[21] D. L. Nedel, "Superspace low-energy equations of motion for 4D type II superstring," 
Phys. Lett. B 573, 217 (2003) [arXiv:hep-th/0306166]; 

D. L. Nedel, "Superspace type II 4D supergravity from type II superstring," PoS 
WC2004, 037 (2004) [arXiv:hep-th/0412152]. 

[22] K. G. Chetyrkin, A. L. Kataev and F. V. Tkachov, "New Approach To Evaluation Of 
Multiloop Feynman Integrals: The Gegenbauer Polynomial X Space Technique," Nucl. 
Phys. B 174 (1980) 345. 

K. G. Chetyrkin, A. L. Kataev and F. V. Tkachov, "New Approach To Evaluation Of 
Multiloop Feynman Integrals: The Gegenbauer Polynomial X Space Technique," Nucl. 
Phys. B 192 (1981) 59. 

[23] H. Balasin, W. Kummer, O. Piguet and M. Schweda, "On The Regularization Of The 
Mass Zero 2-D Propagator," Phys. Lett. B 287 (1992) 138. 

[24] B. de Wit, M. T. Grisaru and P. van Nieuwenhuizen, "The WZNW model at two loops," 
Nucl. Phys. B 408, 299 (1993) [arXiv:hep-th/9307027]. 



28 



